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The setting

• Isabelle/HOL theorem prover:

– Nice UI, large math library

– HOL: Logic without dependent types

• Makes things often easier

• Sometimes dead ends

• We try to get around one of these dead ends
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Existential types – some use cases

• ∃ countably-infinite dimensional vector space

• ∀ prime 𝑝, ∃ field of size 𝑝

• For any subspace of a Hilbert space, exists an 
isomorphic Hilbert space

• For any lens 𝐴 → 𝐵, exists 𝑇 and bijection 
𝑓: 𝐴 × 𝑇 → 𝐵 describing it

• Any *-homo 𝑓 can be written as 𝑓 𝑎 =
𝑈 𝑎 ⊗ 1 𝑈∗
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How to express this in Isabelle/HOL?

• ∃ countably-infinite dimensional vector space

• ∀ prime 𝑝, ∃ field of size 𝑝

Poor Man's Depenendent Types 4



How to get around this?

• Can express the group example,
and all the other examples

• Without introducing dependent or existential 
types into the logic

• With dirty trickery, yes! ☺ 
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Aside:  typedef in Isabelle/HOL

• Type definitions distinct from value definitions

• Introduces new type myvs.

• Axiomatizes a bijection Rep between the type 
myvs and the set 𝑆.

• Adds a bit of convenient infrastructure

• Can be parametric in other types, not values!
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Our solution

• New (derived) predicate:

• Definition (roughly):
If ‘t is a type isomorphic to S, then P holds.

• Expresses: “there is a type ‘t so that P holds”
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Rules

• Here (given typedef) means:
Holds in a context where the typedef-axioms 
are assumed for ‘a

Poor Man's Depenendent Types 8

Uses 

Types_to_Set

extension



How it’s defined

• Notice: free type variables always implicitly 
all-quantified on top.

• Consequence: not meaningful in a negated 
position (∀’t “floats up”)

• Still useful!
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∀ ’t



Use example
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