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Travelling Salesman Problem

• Given a weighted graph on n vertices, find the shortest cycle that
passes through each vertex exactly once.
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A Question (Theory Days 2018)

• Travelling Salesman Problem:

Classically: [Bel62, HK62] Quantumly: [ABI+19]

Õ(2n) Õ(1.728n)

• “Can the classical time-space tradeoffs of Koivisto and Parviainen be
applied here? [KP10]”

— Someone in the audience.
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Time-Space Tradeoffs

• Less space ,, more time /.

• Why? Let D1, . . . , DN be N memory records.

• Quantum Random Access Memory (QRAM):

N∑

i=1

αi |i⟩address |0⟩target 7−→
N∑

i=1

αi |i⟩address |Di⟩target

• O(polylogN) in theory [GLM08], very hard to implement! [JR25]
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[KP10] Time-Space Tradeoffs
We make use of Lawler’s observation (see the references
[18, 13, 20] and Section 2) that the sum of f(σ) over
the linear extensions σ of a fixed partial order P can be
computed by dynamic programming in time and space
proportional to the number of ideals of P ; an ideal of
P is a set of elements I such that if y ∈ I and xy ∈ P ,
then x ∈ I; we denote by I(P ) the set of ideals of P .
In our setting no particular partial order is given, but
the challenge is to find a “small” family of “thin” partial
orders such their linear extensions together exactly cover
the n! linear orders on the ground set N , that is, any
linear order on N is an extension of exactly one member
of the family. This motivates the definition of the time–
space product of a family P of partial orders on N as
the nth root of the product

θ(P) =

( ∑

P∈P
|I(P )|

)(
max
P∈P

|I(P )|
)
.

To prove Theorem 1.1, we will construct a sequence
of families Pn such that θ(Pn)

1/n < 3.93 for any
sufficiently large n.

In the present pursuit, we will study a subclass
of series–parallel partial orders (see, e.g., Steiner [20]
and references therein), namely, parallel compositions
of bucket orders; we postpone formal definitions of
such partial orders and the associated families to later
sections. This restriction not only suffices for proving
the bound in Theorem 1.1, but also enables showing that
the bound is the best one can achieve with such partial
orders. Curiously enough, the optimum is achieved with
partial orders that are parallel compositions of n/26
bucket orders of type 13 ∗ 13, that is, 13 elements in
the first bucket and 13 in the second. More generally,
we may take k such bucket orders (leaving the remaining
n − 26k elements unordered) and obtain the following
tradeoff in the space complexity range 1.452 < S ≤ 2.

Theorem 1.2. Let k be an integer at most n/26. Then
any permutation problem of bounded degree can be solved
in time O∗(αk2n) and space O∗(βk2n), with

α =

(
26

13

)
(214 − 1)

/
226 < 2.54× 103 ,

β = (214 − 1)
/
226 < 2.45× 10−4 .

With k = bn/26c, Theorem 1.2 implies Theorem 1.1.
The range where a time–space product less than 4

is achieved can be extended to
√
2 < S < 2 by replacing

13 above by larger numbers, 14, 15, . . .; we omit detailed
calculations and refer to Figure 1, which shows a
selection of different space–time tradeoff schemes. The
1∗1 scheme is the aforementioned pairwise scheme [15],
while the näıve m ∗ (n−m) scheme, m ≥ n/2, tries out
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Figure 1: Space–time tradeoff schemes for permutation

problems. The time requirement O∗(Tn) is shown as a

function of the space requirement O∗(Sn), for 1 ≤ S ≤ 2.

every partition of the n elements into two sets of sizes
m and n−m, for each solving the constrained problem
in time and space O∗(2m).

Our complexity bounds readily apply to the men-
tioned, well-known permutation problems. The bounds
are the best we know of, except for the treewidth prob-
lem, for which Fomin and Villanger [8] have presented
an algorithm running in time and space O(1.7549n) and
another algorithm running in time O(2.6151n) and poly-
nomial space. Thus, for the treewidth problem, our
bounds become interesting (i.e., not dominated by ei-
ther of the two) when 1.5048 < S < 1.7549.

2 Dynamic programming over partial orders

We begin with the basic dynamic programming algo-
rithm for permutation problems. For simplicity, we con-
sider permutation problems of degree 2; we trust the
reader can generalize this to any degree d. For any
A ⊆ N and x ∈ A, define g(A, x) as the sum of

|A|⊙

j=1

fj
(
{σ1, σ2, . . . , σj}, σj−1σj

)
,

over all permutations σ1σ2 · · ·σ|A| of the elements in A
with σ|A| = x. Note that the sum of f(σ) over all per-
mutations σ of the elements in N equals

⊕
x∈N g(N,x).

Because multiplication distributes over addition in a
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Roadmap

1. Classical Tradeoff −→ Quantum Algorithm.
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Gurevich and Shelah Tradeoff

• TSP Algorithm 1: Divide & Conquer. Let G = (V,E).

• f(a, S, b) — the shortest path from a to b, visiting all of S.

• Optimal route:

OPT = min
e∈V

{1,e}∈E

(
f(1, V − {1} − {e}, e) + w(1, e)

)
.
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Gurevich and Shelah Tradeoff

• D&Q recurrence:

f(u, S, v) = min
A⊂S

|A|=|S|/2
t∈S−A

(
f(u,A, t) + f(t, S −A− {t}, v)

)
.
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Gurevich and Shelah Tradeoff

• TSP Algorithm 1: Divide & Conquer. Let G = (V,E).

• Time complexity:
(
n

n/2

)(
n/2

n/4

)
· · ·

(
2

1

)
= O(2n · 2n/2 · · · 2) = O(4n).

• Space complexity:

n+ n/2 + . . .+ 1 = O(n).
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Gurevich and Shelah Tradeoff

• TSP Algorithm 2: Dynamic Programming.

• DP recurrence:

f(1, S, v) = min
t∈S

(
f(1, S − {t}, t) + w(t, v)

)
.
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Gurevich and Shelah Tradeoff

• TSP Algorithm 2: Dynamic Programming.

• Time complexity:

|{S | S ⊆ V }| · n2 = Õ(2n).

• Space complexity:

|{S | S ⊆ V }| · n = Õ(2n).
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Gurevich and Shelah Tradeoff [GS87]

• TSP Tradeoff: pick a k ∈ [log2 n].
1. Divide & Conquer while S > 2k.
2. Dynamic Programming when S = 2k.

• Time complexity: Õ(4n/2k).

• Space complexity: Õ(2k).
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Quantum Algorithm?

• Grover’s search: for x1, . . . , xN can find

N
min
i=1

xi

in Õ(
√
N) time and O(logN) space.
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Quantum Algorithm?

1. Dynamic Programming until sets of size αn for some α ∈ [0, 1/2].

2. Grover’s search over the Divide & Conquer!

• Time complexity:

Õ



(
n

αn

)
+

√(
n

n/2

)(
n/2

n/4

)
· · ·

(
n/2log(1/α)

αn

)
.

• Space complexity (QRAM):

Õ

((
n

αn

))
.
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Quantum Tradeoff

• By optimizing α, we get T = S = Õ(1.728n) [ABI+19].

• Other α choices give a time-space tradeoff.
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Quantum Tradeoff

• Is this the best we can do?
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Quantum Tradeoff

• Let’s use Gurevich and Shelah again!
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Roadmap

1. Classical Tradeoff −→ Quantum Tradeoff.

2. Quantum Tradeoff
+

Classical Tradeoff
(again)

−→
(an improved)

Quantum Tradeoff.
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Improved Quantum Tradeoff

The algorithm: pick two parameters α ∈ [0, 1/2] and β ∈ [0, 1/2].

1. Run Grover’s search + Divide & Conquer for sets larger than βn.

2. Else, use the [ABI+19] quantum algorithm with parameter α.
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Improved Quantum Tradeoff
• By optimizing α and β, we obtain complexity

S = Õ
(
2H(α)n

)
, T = Õ

(
2
max

{
1− 2−H(2kα)

2k+1 ,H(α)

}
n
)
.

• An improved tradeoff:
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Quantum Tradeoff for Permutation Problems
• We also optimize the permutation problem quantum algorithm

of [ABI+19], for Pathwidth, Cutwidth etc. (teal).

• We then “quantize” the pairwise scheme [PK09] time-space
tradeoff (orange):
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P.S. New Classical Improvements

• Koivisto and Parviainen: (T S)1/n ≤ 3.93 [KP10].

• arxiv.org/abs/2604.05661: (T S)1/n ≤ 3.75.

• arxiv.org/abs/2604.05645: (T S)1/n ≤ 3.58.
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Thank you!
Questions?
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