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Reliability

Soundness: only valid statements are provable

Completeness: we can prove everything that is valid

Proof done in Lean



Proof search

Proof in what system? 

● Intuitionistic (statement is true, only if we have proof)

● Sequent calculus

Γ ⊢ ∆
● Gentzen LJ => G3ip/m-G3ip => IG

Proof search is performed root-up: from the goal sequent we move upward with applying 
inference rules backwards until axioms are reached. 



What is needed

● Termination (nontrivial in intuitionistic systems)
● Soundness
● Completeness

○ Refutation calculus
○ Counter-model (witness of unprovability)

Algorithm returns EITHER proof(s) OR refutation(s)





Corsi and Tassi IG

IG is a multi-succedent 
intuitionistic system.

Metarules: how and when to apply 
implication rules.

Provides termination for proof 
search.



Termination Endless proofsearch 
caused by copy



Non-invertibility

Important to distinguish 
invertible and non-invertible 
rules for proof search 

Invertibility: If a sequent is 
derivable in the conclusion of 
the inference rule, derivability 
in the premises follows.



Proof search algorithm

Algorithm works in two alternating phases:

1. First, all invertible rules are applied deterministically on the right and left side, until 
only atoms and (right)implications are left

2. Only then, apply non-invertible rule to all formulas at once



IG Proof



Termination

Termination is proven with an ordering consisting of:

● r = number of applications of the R ⊃ rule along the branch,
● n = complexity of the formulas

r needs to be upper-bounded, for the order to be well-founded



Kripke semantics

● Multiple worlds represent gathered information

● Kripke model: (W, ≥, (forced, rejected))

● Truth monotonicity: 
○ if w |= p, then ∀ w′ ≥ w, w′ |= p

○ if w ⊭ p, then ∀ w′ ≤ w, w’⊭ p

●  Knowledge base can only grow,

nothing can be forgotten



RIG (Refutation system for IG)

where
E contains blocked implications, E makes them usable again. 
⋆ Γ and ∆ consist of atoms and are disjoint.
⋄  R ⊃ rule has already been applied to A ⊃ B .

RIG captures the 
unprovability for IG, 
allowing to extract a 
counter-model from the 
“anti-proof”





Soundness and Completeness

Output: proof OR refutation

✔ Soundness: if the algorithm returns a proof, the sequent is valid

✔ Completeness: if a refutation is found and the counter-model extracted, then the sequent 
is not true in the given model



Conclusion

● Formally verified
● terminating proof search algorithm with 

a. derivation and 
b. refutation construction

● for intuitionistic propositional logic
● in Lean proof assistant



Thank you!


