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Evaluation Strategies

Let fix x := fix x
and constant x := 42:

Call-by-Name ‘ Call-by-Value
> constant (fix 5) | > constant (fix 5)
> 42 > Infinite loop!
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Evaluation Strategies

Let fix x := fix x
and constant x := 42:

Call-by-Name ‘ Call-by-Value
> constant (fix 5) | > constant (fix 5)
> 42 > Infinite loop!

Evaluation strategies govern the behavior of programs.

m Call-by-Name: silly duplication, wise erasure

m Call-by-Value: wise duplication, silly erasure
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Historical Background of Useful Evaluation

Silly duplication can trigger size explosion

= pB—reduction
B-reduction is not atomic

(Ax.t) u—ptix —u}

Can the A-calculus be related to
Turing Machines from a complexity p.o.v.?
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Historical Background of Useful Evaluation

Silly duplication can trigger size explosion

= pB—reduction
B-reduction is not atomic

(Ax.t) u—ptix —u}

Can the A-calculus be related to
Turing Machines from a complexity p.o.v.?

Accattoli and Dal Lago (CSL-LICS 2014)

The A-calculus can be simulated
with polynomial overhead in time by a RAM.
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So, what is Useful Evaluation?
m An optimisation mechanism for a given evaluation strategy.

It relies on explicit substitutions:

t[x — u]
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So, what is Useful Evaluation?

m An optimisation mechanism for a given evaluation strategy.

It relies on explicit substitutions:
t[x < u]

m Avoids substitution steps leading to size explosion and

those not leading to the creation of function application steps.

Useful Non-Useful ®
(x y)Ix—Aza] = (Aza) y | (x y)[x—2z] — [E5l
G allo—Aza] | xbc— Ayl = B

—

(x y)lx — Az.z) = [(A22)Y
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So, what is Useful Evaluation?

m An optimisation mechanism for a given evaluation strategy.

It relies on explicit substitutions:
t[x < u]

m Avoids substitution steps leading to size explosion and

those not leading to the creation of function application steps.

Useful Non-Useful ®
(x y)Ix—Aza] = (Aza) y | (x y)[x—2z] — [E5l
G allo—Aza] | xbc— Ayl = B

—

(x y)[x —Az.z] = (Az.z) y

m Defined through global predicates, given its
context-sensitivity .
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Our Goal
Define the first quantitative interpretation of useful call-by-value
through non-idempotent intersection types.
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Our Goal
Define the first quantitative interpretation of useful call-by-value
through non-idempotent intersection types.

Previous Key Step
Inductive definition useful call-by-value: UCBV. )
(Barenbaum, Kesner, M., CADE 2025).

> —— (i)
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Our Goal
Define the first quantitative interpretation of useful call-by-value
through non-idempotent intersection types.

Previous Key Step
Inductive definition useful call-by-value: UCBV. )
(Barenbaum, Kesner, M., CADE 2025).
Results in this Talk ()

m The type system % characterises:
m VSCne-termination (qualitatively)
m UCBV-termination (quantitatively)

m Both VSC and UCBV are termination equivalent.
ke (Accattoli and Paolini, FLOPS 2012)
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VSC (and VSCne)

Syntax:

tus=x|Ax.t|t ul t[x — u]
vi=x|Ax.t
L:=0|L{x —t]

Operational Semantics (VSC)

(Ax.t) L u—gpt[x —u] L

t[x —vL]—s t{x—v}L

Removing erasing substitution steps yields the VSCne calculus.
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UCBYV in a Nutshell

t —pot, 7 U

where:
linear substitution

———
m pe{db, Isv,sub(x,v) }: step kinds
m o/: set of variables bound by (hereditary) abstractions in t
m .¥: set of free variables or those bound by structures in t

m u: tis applied/non-applied to an argument

(AX.t)L U —db,ot, % u t[X - U]L X “sub(x,v),«Uix},#,@ V
t _)sub(X,v),QfU{X},y,ll t/ X & A UL vL € HAbSQ{

t[x — VL] =5y, 0,7, t'[X — V]L
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Simple vs. Intersection Types
Simple Types
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Simple vs. Intersection Types
Simple Types

Untyped Terms

Terminating

The term Ax.xx is not simply typable
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Simple vs. Intersection Types
Intersection Types

Untyped Terms
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Simple vs. Intersection Types
Intersection Types

Untyped Terms

Terminating

Intersection
Typable

AX. X x

The term Ax.xx is intersection typable
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|ldempotent and Non-ldempotent Flavours

T,0:=al|lt—0|TNo

Idempotent

(tnt=1)

Non-ldempotent
(tnT#71)

Coppo & Dezani (1980)

Gardner (1994)

Qualitative properties

Quantitative properties

N2
~ ~
LU LA AL LN
P :Int " P:Int
= =

P terminates
and returns an integer

M. Milicich

P terminates after n steps

and returns an integer
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The Type System %

Types: M, N = s|F
Optional Types: A" = nonel|.H
Arrow Types: T o= M- N
Multi-Types: g o= tilier I finite

9 types:
m Hereditary abstractions with .#
m Structures with s

m Normal forms with tight constants t::=5s| ]

M. Milicich 10/ 18



The Type System %

Types: M, N = s|F
Optional Types: A" = nonel|.H
Arrow Types: T o= M- N
Multi-Types: g o= tilier I finite

9 types:
m Hereditary abstractions with .#
m Structures with s

m Normal forms with tight constants t::=5s| ]

[] #none
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Typing Rules

Typing judgements: T+ t: .4

T'Ht:s AFu:t
X:MbEx: M T'UAFtu:s

(I“;;x:u%i?l—t:e/%-) , I finite

i€

>
Wi TiF Ax.t: [./ﬂl-' — Niliel

Pht: i’ — N |l AF

TUAFtu: N

F;x:./%?l—t:./V - Av-u: M

TUAF t[x —u]: N
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9 -Typability Characterises VSCne-Termination

Theorem
>oT-t: M < t VSCne-terminates

Proof.

The proof follows from well-known techniques:

=) Soundness relies on a quantitative subject reduction lemma
and a substitution lemma.

<) Completeness relies on a quantitative subject expansion lemma
and an anti-substitution lemma.
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(Some) Rules of System %, with Counters

Typing judgements: T +(me) ¢: «

Counters (m, e) represent the number of reduction steps:
m m: distant beta

e: linear substitution

e=ta(H)

X:./%F(O'e)x:./ﬂ

rme) e’ — ) <t A uu
TUA |—( 1 +m+m',e+e’) Fu N
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Quantitative Characterisation of UCBV-Termination

Theorem (Exact Measures)

>TH™e) t: & <«  t terminates in UCBV
T in exactly m db-steps
and e |Isv-steps
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¥ -Typability Characterises VSCne-Termination

Theorem (BKRV, FLOPS 2020)
>y I-t: M < t VSC-terminates
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¥ -Typability Characterises VSCne-Termination

Theorem (BKRV, FLOPS 2020)
>y I-t: M < t VSC-terminates

We reuse this Thm. to relate UCBV and VSC through the type
systems 2 and 7:

Theorem
>y T-t: M < t VSCne-terminates
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Termination Equivalence Result

UCBV

v
Type System % <«———» \VSCne «<—>» Type System ¥
A

v
VSC
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Conclusions
System % characterises termination on both VSCne and UCBV.

m g TH™e) ¢t <« ¢t reaches its UCBV-normal form in
exactly m db-steps and e Isv-steps.

m Both UCBV and VSCne are termination equivalent.
System ¥ characterises termination on both VSC and VSCne.
m UCBV, VSCne, and VSC are termination equivalent.
m UCBV (non-erasing) and VSC (erasing) type the same terms.

Future Work
= Quantitatively interpret Strong CBV.
m Relate % to other definitions of useful (open) CBV.
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VSCne

Operational Semantics (VSCne)

(Ax.t)L u—gp t[x — u]L

t[x < VL] —svne tix — v} [x = v| L if x efv(t)

(back to the main document)
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Hereditary Abstractions and Structures

Hereditary abstractions, HAbs_,, are given by:

xX€o t € HAbs,, X ¢

x € HAbs,, Ax.t € HAbs, t[X — u] € HAbs_,

te HAbSdU{X} X ¢ of u e HAbs,,
t[x — u] € HAbs,

Structures, St, are given by:

xes teSty

X €Sty t ueSty

teSty x¢.S t €Sty x¢S ueSty

t[x — u] € Sty t[x — u] € Sty
(back to the main document)
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Operational Semantics of UCBV

Reduction rules:

(Ax.t)Lu —dp, oz, t[x — UL X = sub(x,v),/Ulx}, #,@ V

t —’sub(x'v)"du{x}'(g"” t/ X & o ] S vL € HAbS%

t[x — vL] lsv, o, S p t'[x —v]L

Congruence rules:

! !/ !

t~pa70t teSty  U—pay@U U—p.o,7@U
/ / A
tu—p o sputu tu—pooutu tlx —u]l =g, u t[x — U]

t—p, /Ui, t' ueHAbs,, xX¢AUS X ¢ fv(p)

tx —ul —p,7u t'[x — u]

t—p.ot, 70 t' u€eSty xX¢AUS X€fv(p)

tlx — u] = p e, t'[x — U]

(back to the main document)
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System % : Typing Rules with Counters

e=ta(«) rHme) t:s ARME) ot
x: ot FO8) x: i TwAR(memiere) ¢ g

(FI_;X:MI,? I (mi.e;) t:JV,-) , I finite

i€

Wie/T; F(ZiermiZier€) 5.t [J%I? — Mier

rme) e’ -] < Ay
TUA |_(1+m+m',e+e') U N

Cix:tt-me) ¢y VARV /4 AFME) gy
TuArmmere) (o]

(back to the main document)
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System ¥

Grammar of Types

Types: o = al|lM| M —0
Multi-Types: 4 == [oj]ie I finite
Typing Rules
(F,';X C Mt 0','),'(_:/
X MEx: M UWieiTi b Ax.t: [ Mi — 0liel

I'et:[4— o] Avru:H Iix:MbFt:o Avru:H
TUAFtu:o TUAFt[x—u]:0o

(back to the main document)
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