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Classical Theory N

Dual and Finite Dual

The duality functor

[— Kl = (=) : (Veck)™ — Veck
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Classical Theory N

Dual and Finite Dual

The duality functor
[—, k] = (=) : (Veck)® — Veck
sends coalgebras to algebras

~ (=) : (Coalg k) — Alg k
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

If Ais an algebra, and C is a coalgebra

AoAS ALKk Ccocd CcSk
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

If Ais an algebra, and C is a coalgebra

AoAS ALKk Ccocd CcSk

Then [C, A] is an algebra

Ulrik Sgrgaard Djupvik An introduction to Sweedler Theory



Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

If Ais an algebra, and C is a coalgebra

AoAS ALKk Ccocd CcSk

Then [C, A] is an algebra
Forf,g: C— A

(Fxg)c)=Xf(a) gla)Ac=Xa®c
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

If Ais an algebra, and C is a coalgebra

AoAS ALKk Ccocd CcSk

Then [C, A] is an algebra
Forf,g: C— A

(Fxg)c)=Xf(a) gla)Ac=Xa®c

The unitis C = k5 A
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

In fact this construction is functorial:

[—,—] : (Coalg k) x Alg k — Alg k
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

In fact this construction is functorial:
[—,—] : (Coalg k) x Alg k — Alg k

One can show that this functor witnesses algebras
being powered in coalgebras.
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

In fact this construction is functorial:
[—,—] : (Coalg k) x Alg k — Alg k

One can show that this functor witnesses algebras
being powered in coalgebras.
This is a Sweedler operation!
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The duality functor does not send algebras to
coalgebras!
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The duality functor does not send algebras to
coalgebras!

For [A, k] to be a coalgebra we need a
comultiplication

[A K] - [A k] ®[A, K]
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The duality functor does not send algebras to
coalgebras!

For [A, k] to be a coalgebra we need a
comultiplication

[A, K] -~ [A k] ®[A, K]

e

[A® A, K]
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The duality functor does not send algebras to
coalgebras!

For [A, k] to be a coalgebra we need a
comultiplication

[A, K] -~ [A k] ®[A, K]

4\
1?7
N :

[A® A, K]
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

To remedy this asymmetry Sweedler introduced the
finite dual

(=) : (Alg k) — Coalg k
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

To remedy this asymmetry Sweedler introduced the
finite dual

(=) : (Alg k) — Coalg k

Formally this is an adjoint to the dual. Meaning
that we have a natural isomorphism

(A, C*) = (C,A%)
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

To remedy this asymmetry Sweedler introduced the
finite dual

(=) : (Alg k) — Coalg k

Formally this is an adjoint to the dual. Meaning
that we have a natural isomorphism

(A, C*) = (C,A%)

Morally, the finite dual solves the comultiplication
issue by ensuring A°® A° = (A® A)°

Ulrik Sgrgaard Djupvik An introduction to Sweedler Theory



Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The finite dual can be used to dualize constructions
for algebras, to the dual constructions for
coalgebras.
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The finite dual can be used to dualize constructions
for algebras, to the dual constructions for
coalgebras.

The main example is the cofree coalgebra
construction

— —
Alg k ; Vec k Coalg k é Vec k
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The finite dual can be used to dualize constructions
for algebras, to the dual constructions for
coalgebras.

The main example is the cofree coalgebra
construction

— —
Alg k ; Vec k Coalg k é Vec k

The construction of two of the Sweedler operations
are based on the (co)free (co)algebra construction.
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Dual and Finite Dual
M ing Maps
Sw er Operations

Classical Theory

Measuring Maps

C is a coalgebra, and A, B are algebras.
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Dual and Finite Dual
Measuring Maps
Sweedler Operations

Classical Theory

Measuring Maps

C is a coalgebra, and A, B are algebras.

Amap f: C® A— B is said to be a measuring
map, if currying yields an algebra map A — [C, B].
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Dual and Finite Dual
Measuring Maps
Sweedler Operations

Measuring Maps

C is a coalgebra, and A, B are algebras.

Definition
Amap f: C® A— B is said to be a measuring
map, if currying yields an algebra map A — [C, B].
Explicitly,

1. f(C & 3132) = f(Cl & al)f(Cz & 32)

2. f(c®1la) =¢(c)- 18
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Dual and Finite Dual
Measuring Maps

Sweedler Operations

Classical Theory

Consider C = k[x].
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Classical Theory

Consider C = k[x]. This is a coalgebra with
e(x") = [n=0]and A(x") = 32" () X" @ X
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Consider C = k[x]. This is a coalgebra with
e(x") = [n=0]and A(x") = 32" () X" @ X

Write 3” = f(Xn ® _)
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Consider C = k[x]. This is a coalgebra with
e(x") = [n=0]and A(x") = 32" () X" @ X

Write 0" = f(x" ® —) , then f is a measuring map
if and only if

1. 8”(3132) = 2720 (7) (9”_’(31)(9i(ag)

2. 9"(1) =[n=0]
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Consider C = k[x]. This is a coalgebra with
e(x") = [n=0]and A(x") = 32" () X" @ X

Write 0" = f(x" ® —) , then f is a measuring map
if and only if

L. 9"(a132) = 227 (7) 9" (a1)0'(22)
2. 9"(1) =[n=0]

~ {0"} )2, is a "differentiation” system.
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Dual and Finite Dual
Measuring Maps

Sweedler Operations

Classical Theory

i. d € Der A induces a measuring map; 0" = d”
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Dual and Finite Dual
M ing Maps
S r Operations

Classical Theory

i. d € Der A induces a measuring map; 0" = d”

ii. f:A— B induces a measuring map;
A =F0"=0forn>1.
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. Dual and Finite Dua
Classical Theory Measuring Maps

Sweedler Operations

Sweedler Operations

We have already seen one Sweedler operation

[—, —] : (Coalg k)" x Alg k — Alg k
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. Dual and Finite Dual
Classical Theory Measuring Maps

Sweedler Operations

Sweedler Operations

We have already seen one Sweedler operation
[—, —] : (Coalg k)" x Alg k — Alg k
We are now ready to consider two more

— > —: Coalg k x Alg k — Alg k
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Sweedler Operations

We have already seen one Sweedler operation
[—, —] : (Coalg k)" x Alg k — Alg k
We are now ready to consider two more

— > —: Coalg k x Alg k — Alg k

{—, =1 : (Algk)®” x Algk — Coalg k
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

C > A is an algebra with the following universal
property
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

C > A is an algebra with the following universal
property

B
i
I lAlg hom

S
o
v

CRA—— C>A

Measuring
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

C > A is an algebra with the following universal
property

B

as\“‘\“% /.\
e I 31Alg hom

CRA—— C>A

Measuring

One can show that — > — witnesses Alg k being
copowered in Coalg k.
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Classical Theory

The construction

CRA— T(C®A)

0 Linear
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. Dual and Fini
Classical Theory .
Measurir ps

Sweedler Operations

The construction

p\¢
N\eas\“a T
\ | 3lg Alg hom

CRA — T(C®A)
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. Dual and Finite Dua
Classical Theory Measuring Maps

Sweedler Operations

The construction

e
5\,\(3‘0\ |
ed 1
£ W ' 3lg Alg hom

C®A m T(C@A) —» T(C@A)/I = C[>A
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. Dual and Finite Dua
Classical Theory Measuring Maps

Sweedler Operations

The construction

e
5\,\(3‘0\ |
ed 1
£ W ' 3lg Alg hom

C®A m T(C@A) —» T(C@A)/I = C[>A

Measurable
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. Dual and Fi
Classical Theory .
Measuring NV

Sweedler Operations

The construction

B .

e \
5\»\‘3‘0\ TS~
ed 1
(W | 31 Alg hom ~~~___

C®Am T(C@A) —» T(C@A)/I —C[>A

Measurable
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

Similarly, {A, B} is a coalgebra with the following
universal property
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

Similarly, {A, B} is a coalgebra with the following
universal property

ﬂ‘
a)\ Coa\%

{A B} vt

lMeasunng

[A, Bl

Measuring

Ulrik Sgrgaard Djupvik An introduction to Sweedler Theory



Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

Similarly, {A, B} is a coalgebra with the following
universal property

vol-
Coa\% lMeasur/ng
{A B} Measuring [A’ ]

One can show that {—, —} witnesses Alg k being
enriched in Coalg k.
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The Sweedler operations are very closely related.
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Dual and Finite Dual

Classical Theory Measuring Maps

Sweedler Operations

The Sweedler operations are very closely related.

Indeed, for any algebra A, and any coalgebra C, we
have the following adjunctions
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Dual a dF ite Dual

Classical Theory Mceaniins Vs

Sweedler Operations

The Sweedler operations are very closely related.

Indeed, for any algebra A, and any coalgebra C, we
have the following adjunctions

: — :

1. —>A:Coalgk , = " Algk:{A —}

2. {—, A} Algk (Coalg k)P [, Al

3. C>—:Algk  « Algk:[C,—]
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Graded Categories
Generalized Framework The General Framework

Graded Categories

For ¥V a monoidal category.
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Graded Categories
Generalized Framework The General Framework

Graded Categories

For ¥V a monoidal category.
A V-graded category C is an essentially an ordinary
category where all the morphisms are graded

A B
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Graded Categories

Generalized Framework The General Framework

Composition:

gf WV

C

> B s C — A
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Graded Categories

Generalized Framework The General Framework

Composition:
F,V W fWaV
A y B2 C —» AL C
Reindexing:
£,V eV

A——B &V sV A B
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Graded Categories

Generalized Framework The General Framework

Briefly, this is described by a functor

(= —,—): VP xXCPxC — Set
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Graded Categories

Generalized Framework The General Framework

Briefly, this is described by a functor

(== —): VP xCPxC — Set
(V,AB) — V(V,{A B}
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Graded Categories

Generalized Framework The General Framework

Briefly, this is described by a functor

(== —): VP xCPxC — Set
(V,AB) — V(V,{A B})
— C(V>AB)
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Briefly, this is described by a functor

(= —,—): VP XCPxC — Set
(V,A,B) — V(V.{A B})
— C(V>AB)
—  C(A, [V, B])
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Briefly, this is described by a functor

(<i=7): VP XCPXC o Set
(V,A,B) +— V(V,{A B})
C(Vr> A B)

>
—  C(A[V, B])
—

(C,A, B) Meas(C ® A, B)

Ulrik Sgrgaard Djupvik An introduction to Sweedler Theory



Graded Categories

Generalized Framework The General Framework

Thus, we have the following full subcategories:

VY — graded

R T

) — copowered V — powered — enriched
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Graded Categories

Generalized Framework The General Framework

Upshot: A category being powered / copowered /
enriched in a monoidal category, can be seen as
properties of graded categories.
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Graded Categories

Generalized Framework The General Framework

Let C be a V-graded category witnessed by
(= —, =) : VP xCP?xC — Set
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Graded Categories

Generalized Framework The General Framework

Let C be a V-graded category witnessed by
(= —, =) : VP xCP?xC — Set

1. C is enriched iff (—; A, B) is corepresentable
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Graded Categories

Generalized Framework The General Framework

Let C be a V-graded category witnessed by
(= —, =) : VP xCP?xC — Set

1. C is enriched iff (—; A, B) is corepresentable
2. C is copowered iff (V; A, —) is representable
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Graded Categories

Generalized Framework The General Framework

Let C be a V-graded category witnessed by
(= —, =) : VP xCP?xC — Set

1. C is enriched iff (—; A, B) is corepresentable
2. C is copowered iff (V; A, —) is representable
3. C is powered iff (V; —, B) is corepresentable
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Graded Categories
Generalized Framework The General Framework

The General Framework

Let VW be a "nice” monoidal category.
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Graded Cat
Generalized Framework The General

The General Framework

Let VW be a "nice” monoidal category.

Write V = Comon W and C = Mon W. When is C
graded by V?
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Graded Categories
Generalized Framework The General Framework

The General Framework

Let VW be a "nice” monoidal category.

Write V = Comon W and C = Mon W. When is C
graded by V?

We need a reasonable notion of a V/-graded
morphism V;A— B for ABeCand VeV
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Graded Categories
Generalized Framework The General Framework

The General Framework

Let VW be a "nice” monoidal category.

Write V = Comon W and C = Mon W. When is C
graded by V7

We need a reasonable notion of a V/-graded
morphism V;A— B for ABeCand VeV

The idea is to define what it means for V® A — B

to be measuring, and define
(V;A B) =Meas(V ® A, B)
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Graded Categories

Generalized Framework The General Framework

Note that WV needs some symmetry, since VV must
be monoidal.
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Graded Categories

Generalized Framework The General Framework

Note that WV needs some symmetry, since VV must
be monoidal.

Vi® Vs > (Vi@ Vo) @ (Vi@ Va)

R
A®Al T

(Vieov)® (Ve W)
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Generalized Framewor|

Duoidal Categories

A duoidal category (W, ®, I, *, J) consists of
structural maps

(:(AxB)®@(C*xD) - (A® C)*x(B® D)

Al — 1%l pwJoJ—J n=c:l—J
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Graded Categories

Generalized Framework The General Framework

We now let YV = Comon, W and C = Mon, W
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Graded Categories

Generalized Framework The General Framework

We now let YV = Comon, W and C = Mon, W

1. (V,®,1) is monoidal.
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Graded Categories

Generalized Framework The General Framework

We now let YV = Comon, W and C = Mon, W
1. (V,®,1) is monoidal.

2. If ® is right closed, then [V, A] € C for
VeV AelC
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Graded Categories

Generalized Framework The General Framework

We now let YV = Comon, W and C = Mon, W

1. (V,®,1) is monoidal.
2. If ® is right closed, then [V, A] € C for

VeV AelC
We define f : V ©® A — B to be measurable
whenever A — [V, B] is a monoid map.
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Graded Categories

Generalized Framework The General Framework

We now let YV = Comon, W and C = Mon, W

1. (V,®,1) is monoidal.
2. If ® is right closed, then [V, A] € C for
VeV AelC
We define f : V ® A — B to be measurable
whenever A — [V, B] is a monoid map.
This makes sense, even if ® is not right closed!

Ulrik Sgrgaard Djupvik An introduction to Sweedler Theory



Graded Categories

Generalized Framework The General Framework

Upshot: C is V-graded, with

(V; A B) =Meas.(V® A, B)
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